Partitionable skew Room frames of type h n have played an important role in the constructions of 4-frames, (K 4 − e)-frames and super-simple (4, 2)-frames. In this paper, we investigate the existence of partitionable skew Room frames of type h n . The necessary conditions for the existence of such a design are that h(n − 1) ≡ 0 (mod 4) and h 5. It is proved that these necessary conditions are also sufficient with a few possible exceptions. As a byproduct, the known results on the existence of skew Room frames and uniform 4-frames are both improved.
Introduction
Let S be a finite set, let ∞ be a "special" symbol not in S, and let H be a set of subsets of S. As defined in [22] a holey Room square (briefly HRS) having hole set H is an |S| × |S| array F, indexed by S, which satisfies the following properties:
1. Every cell of F either is empty or contains an unordered pair of symbols of S ∪ {∞}. 2. Every symbol of S ∪ {∞} occurs at most once in any row or column of F, and every unordered pair of symbols occurs in at most one cell of F. 3. The subarrays H × H are empty, for every H ∈ H (the subarrays are referred to as holes). } is a partition of S, then such an |S| by |S| array-F is called an incomplete Room frame or an I-Room frame. The type of the I-Room frame is defined to be the multiset {(|H i |, |H i ∩ H |): 1 i n}. We may also use an "exponential" notation to describe types of I-Room frames: a type (t 1 , r 1 ) u 1 · · · (t k , r k ) u k denotes u j occurrences of (t j , r j ), 1 j k.
Symbol s ∈ S occurs in row or column t if and only if (s, t) ∈ (S × S)\ H ∈H (H × H ); and symbol ∞ occurs in row or column t if and only if t ∈ S\ H ∈H H . 5. The pair {s, t} occurs in F if and only if (s, t) ∈ (S × S)\ H ∈H (H ×
H
A holey Room square F having hole set H is called skew if, given any pair of cells (s, t) and (t, s) in (S × S)\ H ∈H (H × H ), precisely one is empty. Similarly we have the concepts of skew Room frame and skew I-Room frame. A skew Room frame of type T will be denoted by SF(T) and skew I-Room frame of type T by SIF(T).
It is easily seen that a skew Room frame of type 1 n is equivalent to a skew Room square of side n. Below is an example of skew Room square, which has been given in [13] . [13] ). There exists a skew Room square of side 9 (Table 1) . (It is in fact unique up to isomorphism.) Skew Room frames have played an important role in the constructions of BIBDs and GDDs with block size four [18] and the resolution of the existence problem for weakly 3-chromatic BIBDs with block size four [19] .
Example 1.1 (Dinitz and Stinson
For the existence of skew Room frames of type t u , we have the following known result which was established by Chen and Zhu in [8] . [8] ). The necessary conditions for the existence of a skew Room frame of type t u , namely, u 4 and u is odd when t is odd, are also sufficient except for (t, u) ∈ {(1, 5), (2, 4)} and possibly excepting:
Theorem 1.2 (Chen and Zhu
1. u = 4 and t ∈ {8, 24} ∪ {s: s ≡ 2 (mod 4)}; 2. u = 5 and t ∈ {11, 13, 17, 19, 23, 29, 31, 41, 43}. If all the quadruples (a, b, c, r) can be partitioned into sets such that each set forms a partition of S\H i for some i, and each H i corresponds to 2|H i | of the sets, we call the skew holey Room square partitionable, where {a, b} ∈ F, {a, b} occurs in column c and row r. Similarly we have the concepts of partitionable skew Room frame and partitionable skew I-Room frame. A partitionable skew Room frame of type T will be denoted by PSF(T) and partitionable skew I-Room frame of type T by PSIF(T).
Below is an example of partitionable skew Room frame.
Example 1.3.
There exists a partitionable skew Room square of type 2 5 . Each quadruple (a, b, c, r) in the first row of Table 2 and its translate (a + 5, b + 5, c + 5, r + 5) (mod 10) give an initial holey parallel class. Adding 0, 1, 2, 3, 4 modulo 10 to the elements of this class generates in total of 5 holey parallel classes from the quadruple (a, b, c, r).
Partitionable skew Room frames were first introduced by Colbourn et al. in [10] to construct 4-frames and (K 4 − e)-frames, which were recently employed by Zhang and Ge in [23] to construct super-simple (4, 2)-frames.
It is easy to see that the necessary conditions for the existence of a partitionable skew Room frame of type h n are that h(n − 1) ≡ 0 (mod 4) and n 5. We split the size of holes h into three subclasses according to the necessary conditions of n, which are listed as follows:
, n 5 and n ≡ 1 (mod 2); 3. h ≡ 1 (mod 2), n 5 and n ≡ 1 (mod 4).
The existence of partitionable skew Room frames of type 4 n has been established by Zhang and Ge in [23] . We restate it in the following theorem. [23] ). There exists a partitionable skew Room frame of type 4 n for each n 5 except possibly for n ∈ {10, 11, 12, 14, 15, 16, 18, 19, 20, 22, 23, 24 , 27, 28, 32, 34}.
Theorem 1.4 (Zhang and Ge
We also have the following small examples of partitionable skew Room frames. Lemma 1.5 (Colbourn et al. [10] , Zhang and Ge [23] ). There exist partitionable skew Room frames of types 3 5 , 3 9 , 1 13 , 1 17 , 1 29 and 1 33 .
In this paper, we shall investigate the existence of a partitionable skew Room frame of type h n for all possible positive integers h and n. By the Inflation construction listed in Section 3, we only need to consider the following cases:
1. h = 4, 8, 12, 24 and n 5; 2. h = 2, 6 and n 5, n ≡ 1 (mod 2); 3. h = 1, 3 and n 5, n ≡ 1 (mod 4).
In Section 2, we construct some ingredient partitionable skew Room frames directly using the starter-adder or intransitive starter-adder method. In Section 3, recursive constructions for partitionable skew Room frames are listed there. In Section 4, we mainly investigate the existence of partitionable skew Room frames of type h 5 due to the nonexistence of the partitionable skew Room frame of type 1 5 . The main result listed in Theorem 1.2 is also improved there. In Sections 5-7, we establish the existence results for the three subclasses of h respectively. In the last section, we conclude our main result. As an application, the known results on the existence of uniform 4-frames in [14] are also improved there.
Direct constructions
The basic direct construction for Room frames is the "starter-adder" method and its modifications (see [11, 12] ). Let G be an abelian group, written additively, and let H be a subgroup of G. Denote g = |G|, h = |H | and suppose that g − h is even. A Room frame starter in G\H is a set of unordered pairs S = {{s i , t i }:
An adder for S is an injection A: S → G\H , such that
From a starter S and a skew adder A, we can construct a skew Room frame F in which the cell (j, −a i + j) is occupied by {s i + j, t i + j } for 1 i (g − h)/2 and any j ∈ G. Precisely, we have the following construction.
Theorem 2.1 (Stinson [20, Lemma 3.1]). Suppose there is a Room frame starter S in G\H , and a skew adder A for S.
Then there is a skew Room frame of type h g/ h , where g = |G| and h = |H |.
As above, let G be an abelian group of order g and let H be a subgroup of order h, where g−h is even. A 2k-intransitive Room frame starter in G\H is defined to be a triple (S, C, R), where 
An adder for (S, C, R) is an injection
An adder is skew if further:
and for each i, 1 i k, there exists a j 1 such that p i − q i has order 2 j m and p i − q i has order 2 j m , where m and m are odd.
The following result is known. [20, Lemma 3.4] Normally, a skew Room frame generated by the starter-adder technique is not partitionable. However, it is so when the number of holes is 5 and the design is constructed over the cyclic group. 
Theorem 2.2 (Stinson
. That is, (s, t, −a, 0) are different modulo 5. Suppose k is the residue that is not covered, then (s + k, t + k, −a + k, k) covers all non-zero residues modulo 5. Hence, {(s + k + j, t + k + j, −a + k + j, k + j): j ∈ H } forms a partition of G\H . Altogether we get 2h partitions of G\H from the 2h pairs in first row. Adding 0, 1, 2, 3, 4 modulo 5h to these partitions, we obtain in total of 10h partitions missing different holes.
Below are direct constructions for some partitionable skew Room frames. (9, 16, 18, 1) , (14, 4, 10, 5) , (6, 12, 17, 15) , (20, 3, 19, 7) , (12, 13, 10, 11) , (1, 4, 8, 18) , (15, 2, 16, 9) , (17, 5, 20, 7) , (14, 19, 6, 3) , n = 25: (7, 9, 22, 4) , (1, 6, 8, 20) , (5, 15, 19, 21) , (24, 10, 18, 14) , (12, 16, 17, 23) , (3, 11, 2, 13) , (18, 19, 16, 17) , (3, 6, 9, 24) , (12, 21, 7, 4) , (1, 13, 22, 14) , (23, 5, 15, 10) , (2, 8, 20, 11) .
Here, each row gives a partition of G\H . Proof. Let G=GF (n) and H ={0}. Let C 0 be the multiplicative subgroup of G having index 4. Denote the other cosets by C 1 , C 2 , C 3 , such that C 1 ∪ C 3 consists of all the quadratic non-residues. The following constructions are similar to those appeared in [10, Lemma 2.5]. Suppose we have two elements a, c such that a ∈ C 2 and 1+c, a +c, a +1+c, and c are in distinct cosets. Then we have a starter S ={{x, ax}: x ∈ C 0 ∪C 1 } and a skew adder A, where A(x, ax)=−(a +1)x for x ∈ C 0 ∪ C 1 . Use cx to get the translate of the quadruple (x, ax, (a + 1)x, 0). We get the two partitions of G\H :
Here, we list the parameters n, a, c below: Proof. For each n ∈ {9, 13, 17}, let G = Z 2n and H = {0, n}. The required quadruples (a, b, c, r) are listed below: n = 9 : (7, 8, 5, 6) , (2, 4, 12, 17) , (11, 1, 15, 3) , (10, 13, 16, 14) , (11, 17, 4, 7) , (12, 1, 13, 6) , (3, 8, 10, 14) , (16, 2, 15, 5) , n = 13 : (2, 3, 24, 1), (16, 19, 21, 12) , (20, 6, 9, 8) 10, 19, 14) .
When n = 9, each row gives an initial partition of G\H . When n = 13, each of the first two rows and the last two rows gives an initial partition of G\H . When n = 17, each row covers the non-zero residues modulo 17 exactly once, and hence gives an initial partition of G\H by adding 0, 17 modulo 34. Proof. Let G = Z 12 , H = {0, 6} and the two infinite points be {∞ 1 , ∞ 2 }. Take
and the skew adder as:
Applying Theorem 2.2 yields an SF (2 7 ). Then translate the initial quadruples:
2, 5, 4, 0 -add 5-7, 10, 9, 5 10, 11,
It is easy to see that each of the first three and the second three quadruples on the right-hand gives an initial partition of
The last quadruple on the right-hand covers the four residues modulo 4, hence gives one partition of G by adding 4 modulo 12 to the elements of the quadruple successively.
Lemma 2.10. There exists a partitionable skew Room frame of type 2 11 .
Proof. Let G = Z 20 , H = {0, 10} and the two infinite points be {∞ 1 , ∞ 2 }. Take
and the skew adder as
Applying Theorem 2.2 yields an SF (2 11 ). Then translate the initial quadruples: It is easy to see that each of the first five and the second five quadruples on the right-hand gives an initial partition of G ∪ {∞ 1 , ∞ 2 }\H. The last quadruple on the right-hand covers the four residues modulo 4, hence gives one partition of G by adding 4 modulo 20 to the elements of the quadruple successively. Proof. Let G = Z 28 , H = {0, 14} and the two infinite points be {∞ 1 , ∞ 2 }. Take
Applying Theorem 2.2 yields an SF (2 15 It is easy to see that each of the first five quadruples and the second five quadruples on the right-hand gives an initial partition of G ∪ {∞ 1 , ∞ 2 }\H. The last quadruple on the right-hand covers the four residues modulo 4, hence gives one partition of G by adding 4 modulo 28 to the elements of the quadruple successively.
Lemma 2.12.
There exists a partitionable skew Room frame of type 2 19 .
Proof. Let G = Z 36 , H = {0, 18} and the two infinite points be {∞ 1 , ∞ 2 }. Take
Applying Theorem 2.2 yields an SF (2 19 It is easy to see that each of the first nine quadruples and the second nine quadruples on the right-hand gives an initial partition of G ∪ {∞ 1 , ∞ 2 }\H. The last quadruple on the right-hand covers the four residues modulo 4, hence gives one partition of G by adding 4 modulo 36 to the elements of the quadruple successively. (16, 28, 22, 5) , (20, 36, 37, 8) .
It is easy to see that the elements in each row cover the non-zero residues modulo 13, and hence each row gives one partition of G\H by adding 13 modulo 39 to the elements of the quadruple successively. Lemma 2.14. There exists a partitionable skew Room frame of type 3 17 .
Proof. Let G = Z 51 and H = {0, 17, 34}. The required quadruples (a, b, c, r) are listed below: (22, 42, 49, 26) , (9, 46, 8, 19) , (3, 48, 7, 10) , (11, 15, 6, 10) , (35, 50, 8, 26) , (23, 36, 7, 45 Each row gives an initial partition of G\H by multiplying 25 i modulo 84 for i = 0, 1, 2.
Recursive constructions
In this section, we describe recursive constructions for partitionable skew Room frames. We need some designtheoretic terminology. For those not mentioned in this paper we refer the reader to [7] .
A pairwise balanced design (v, K)-PBD is a pair (X, A) where X is a v-set (of points) and A is a set of subsets of X (called blocks), each of cardinality at least two, such that every unordered pair of points is contained in a unique block and that for every block A, |A| ∈ K.
A holey group divisible design (briefly HGDD) is a quadruple (X, G, H, A) where X is a finite set of elements (called points), G is a set of disjoint subsets of X (called groups) whose union is X, H is a set of some subsets of X (called holes), and A is a set of subsets of X (called blocks) such that any two points from same group or same hole are contained in no blocks, any two points from different groups and different holes are contained in a unique block. If H = ∅, then an HGDD is the usual group divisible design (GDD). The type of the GDD is defined to be the multiset {|G|: G ∈ G}. If H = {H }, then an HGDD is usually called an incomplete GDD, denoted by IGDD. The type of the IGDD is the multiset {|G|, |G ∩ H |: G ∈ G}.
An HGDD is said to be resolvable and denoted by RHGDD if its blocks can be partitioned into parallel classes and partial parallel classes, the latter partitioning X\H . Similarly, we have the concepts of RGDD and IRGDD.
A transversal design (TD) TD(k, n) is a GDD of group type n k and block size k. A resolvable TD(k, n) (denoted by RTD(k, n) ) is equivalent to a TD(k + 1, n). It is well known that the existence of a TD(k, n) is equivalent to the existence of k − 2 mutually orthogonal Latin squares (MOLS) of order n. In this paper, we mainly employ the following known results on TDs.
Theorem 3.1 (Colbourn and Dinitz [9] ).
1. An RTD(4, n) exists for all n 4 except for n = 6 and possibly excepting n = 10. 2. A TD (6, n) exists for all n 5 except possibly for n ∈ {6, 10, 14, 18, 22}. 3. A TD (7, n) 
It is well known that the existence of a k-ITD(m, n) is equivalent to the existence of k − 2 incomplete mutually orthogonal Latin squares (IMOLS) of type (m, n). In this paper, we mainly employ the following results on ITDs. The following recursive constructions are simple modifications of those for skew Room frames. F mn ((s, x 1 ), (t, x 2 )) = {(a, x 3 ), (b, x 4 )} if and only if { (s, x 1 ), (t, x 2 ), (a, x 3 ), (b, x 4 
Construction 3.3 (Stinson [20], Inflation construction). Suppose there is a partitionable skew Room frame of type

Construction 3.4 (Stinson [20], WFC). Let (X, G, B) be a GDD with index unity, and let w: X → Z + ∪ {0} be a weight function on X. Suppose that for each block B ∈ B, there exists a partitionable skew Room frame of type {w(x): x ∈ B}. Then there is a partitionable skew Room frame of type { x∈G i w(x): G i ∈ G}.
Construction 3.5 (Chen and Zhu [8], filling in holes). Suppose there is a partitionable skew I-Room frame of type
= b + k i=1 t i u i .
Construction 3.8 (Inflating by ITDs). Suppose F is a (partitionable) skew Room frame having hole set {S 1 , . . . , S r }, and suppose that there exists a 4-ITD(m, n) (4-IRTD(m, n)). Let X be a symbol set andY ⊂ X with |X| = m, |Y | = n. Then there exists a (partitionable) skew I-Room frame of type {(|S
l × X|, |S l × Y |): 1 l r}.
Proof. Define B = {(s, t, a, b): F (s, t) = {a, b}}, and for any
It is easy to check that F mn is a skew I-Room frame, for the detailed proof we refer the reader to [20] . Suppose F is partitionable and B A is resolvable. Suppose also B A can be partitioned into parallel classes P i A for 1 i m − n and holey parallel classesP Define PSF h = {n: there exists a partitionable skew Room frame of type h n }. Then the following corollary of Construction 3.4 says that the set PSF h is PBD-closed.
Corollary 3.9 (Mullin et al. [16]). Suppose there is an (n, PSF
Here, we list some useful PBD-closure we need.
Lemma 3.10 (Colbourn and Dinitz [9]).
1. For all n 5 and n ≡ 1 (mod 4), there exists an (n, {5, 9, 13})-PBD except possibly for n ∈ {17, 29, 33}. 2. For all n 5 and n ≡ 1 (mod 2), there exists an (n, {5, 7, 9, 13})-PBD except possibly for n ∈ Q = {11, 13 5 as input designs such that i + j + k = t. Then we have a partitionable skew I-Room frame of type (12t + 2i + 3j, 2i + 3j) 5 . Then fill in the hole with a partitionable skew Room frame of type (2i + 3j) 5 to obtain a partitionable skew Room frame of type (12t + 2i + 3j) 5 . It is clear that 2i + 3j can cover all odd numbers ranging from 3 to 13. By Theorem 3.1, we know that there is an RTD (5, t) For h ∈ {179, 181, 227, 229, 277}, we may employ the same construction as above by choosing the following parameters:
For h ∈ {127, 131, 173, 223, 269, 271}, take a 5-IRTD(12 + 1, 1) and a 5-IRTD(8 + 1, 1) and apply Construction 3.8 to partitionable skew Room frames of types 2 5 and 3 5 to obtain partitionable skew I-Room frames of types (24 + 2, 2) 5 and (24 + 3, 3) 5 , respectively. Similar to the proof above, we can obtain a partitionable skew Room frame of type (24t + 2i + 3j) 5 , where i + j t. The suitable parameters h, t, i, j are listed below:
h= 271: t = 11, i = 2, j = 1. Proof. Combining Lemmas 4.1-4.3, the conclusion then follows.
In the remainder of this section, we will improve the known results on skew Room frames listed in Theorem 1.2.
Lemma 4.5. There exists a skew Room frame of type h 5 for each h ∈ {41, 43}.
Proof. The proof is similar to that of Lemma 4.3. Here, we do not need the resolvable property of ITDs. Take a 4-ITD(3 + 1, 1) and a 4-ITD(2 + 1, 1), and apply Construction 3.8 to the skew Room frames of types 2 5 and 3 5 to obtain skew I-Room frames of types (6 + 2, 2) 5 and (6 + 3, 3) 5 respectively. Take an RTD(5,5), give each point weight 6. Apply Construction 3.6 with i skew I-Room frames of type (6 + 2, 2) 5 , j skew I-Room frames of type (6 + 3, 3) 5 and k skew Room frames of type 6 5 as input designs, where i + j + k = 5. Then we obtain a skew I-Room frame of type (30 + 2i + 3j, 2i + 3j) 5 . Fill in the hole with a skew Room frame of type (2i + 3j) 5 to obtain a skew Room frame of type (30 + 2i + 3j) 5 . The corresponding parameters i and j for each h, (i, j ; h), are (4, 1; 41) and (2, 3; 43) respectively. Here, the input designs skew Room frames of types 11 5 (1, 14, 11, 8) , (1, 10, 27, 16) , (1, 3, 16, 2) , (2, 19, 21, 24) , (1, 12, 6, 23) , (2, 13, 12, 11) , (2, 7, 16, 21) , (1, 30, 23, 28) , (2, 31, 32, 9) , (2, 3, 17, 16) , (1, 26, 31, 12) , (1, 20, 22, 3) , (1, 8, 7, 18), (1, 2, 20, 27), (2, 20, 11, 25), (2, 11, 29, 4), (1, 6, 28, 19), (2, 12, 23, 29),   (2, 28, 9, 31), (2, 17, 8, 23), (2, 32, 3, 1), (1, 11, 18, 20), (1, 7, 4, 30), (1, 15, 26, 4 ). Proof. For each given n 5, n / ∈ {7, 8, 12}, take a (4n + 1, {5, w * }, 1)-PBD with w ∈ {5, 9, 13} coming from [5, 17] . Remove one point outside of the block of size w to obtain a {5, w}-GDD of type 4 n . Apply Construction 3.4 with weight 2 using partitionable skew Room frames of types 2 5 and 2 w as input designs to obtain a partitionable skew Room frame of type 8 n . For n = 7, the design is obtained by applying Construction 3.3 to a partitionable skew Room frame of type 2 7 with m = 4. Lemma 5.3. There exists a partitionable skew Room frame of type 40 n for each n 5.
Proof. For each given n 5, n / ∈ {8, 12}, apply Construction 3.3 to the partitionable skew Room frame of type 8 n with m = 5. For n ∈ {8, 12}, start from a 5-GDD of type 20 n , give each point weight 2 to obtain the desired designs. Here, the input designs partitionable skew Room frames of type 2 5 come from Example 1.3. Proof. Start from a TD(7,7) from Lemma 3.1. Delete one point and use the removed point to redefine the groups to obtain a 7-GDD of type 6 8 . Then apply Construction 3.4 with weight 2 using partitionable skew Room frames of type 2 7 as the input designs to obtain the desired partitionable skew Room frame.
Lemma 5.5. There exists a partitionable skew Room frame of type 12 n for each n 5 except possibly for n = 12.
Proof. For each given n 5, n / ∈ {7, 8, 12}, the proof is similar to that of Lemma 5.2. Here we apply Construction 3.4 with weight 3 using partitionable skew Room frames of types 3 5 and 3 w as the input designs. For n ∈ {7, 8}, the required designs come from Lemmas 2.21 and 5.4, respectively. Proof. For n = 5, the design can be obtained by applying Construction 3.3 to the partitionable skew Room frame of type 3 5 with m = 8. For the other values of n, take a TD(6,n) with one parallel class (equivalently, a four idempotent MOLS(n)), and use the parallel class to redefine groups. This gives a {6, n}-GDD of type 6 n . Noting that we have a four idempotent MOLS(n) for each n 7, n / ∈ {10, 14, 15, 18, 22, 26, 30} and a partitionable skew Room frame of type 4 n for each n 5, n / ∈ {12, 14, 15, 16, 18, 20, 22, 24, 27, 28, 32, 34} from [2] and Lemma 5.1, respectively, we may apply Construction 3.4 with weight 4 using partitionable skew Room frames of types 4 6 and 4 n as the input designs to obtain the desired designs. This completes the proof.
Lemma 5.7. There exists a partitionable skew Room frame of type 24 n for each n ∈ {6, 10, 15, 16, 18, 20, 26, 28, 30}.
Proof. The proof is similar to that of Lemma 5.2. Here, we take a (4n + 1, {5, w * }, 1)-PBD with w ∈ {5, 13} and give weight 6 to each point of the resulting {5, w}-GDD. The input partitionable skew Room frames of types 6 5 and 6 13 come from Lemmas 2.7 and 2.18, respectively. Lemma 5.8. For each n ∈ {12, 14, 22, 24, 27, 32, 34}, there exists a partitionable skew Room frame of type 24 n .
Proof. For each n ∈ {12, 14, 22, 24, 32, 34}, take a TD(7, n − 1) from Lemma 3.1 and truncate one group to size 6. Choose one of the removed points to redefine the groups to obtain a {6, 7, n − 1}-GDD of type 6 n . Then apply Construction 3.4 with weight 4 using partitionable skew Room frames of types 4 6 , 4 7 and 4 n−1 as the input designs to obtain the desired designs.
For n = 27, take a (169, 7, 1)-BIBD in [9] and remove one point to obtain a 7-GDD of type 6 28 . Furthermore, removing all the points in one group of the resultant 7-GDD, we obtain a {6, 7}-GDD of type 6 27 . Apply Construction 3.4 with weight 4 using partitionable skew Room frames of types 4 6 and 4 7 as input designs. Proof. For h ∈ {48, 72, 144, 240}, the proof is similar to that of Lemma 5.8. Here, we take a TD (7, 11) and give weight h/6 to each point of the resultant {6, 7, 11}-GDD of type 6 12 Proof. For h = 24, the required designs come from Lemmas 5.6 to 5.8. For h = 48 and n = 12, the required designs can be obtained by applying Construction 3.3 to a partitionable skew Room frame of type 12 n from Lemma 5.5. For h = 48 and n = 12, the required design comes from Lemma 5.9. For the remaining values of h, we separate n into the following three subcases: [5] . Remove one point outside of the block of size 9 to obtain a {5, 9}-GDD of type 4 14 . Apply Construction 3.4 with weight 4 using partitionable skew Room frames of types 4 5 and 4 9 as input designs to obtain the desired partitionable skew Room frame. For h = 24, the required design comes from Lemma 5.8. For h = 48, 80, the required designs can be obtained by applying Construction 3.3 to partitionable skew Room frames of types 12 14 and 16 14 Proof. For each n ∈ {65, 105, 125}, the required design can be obtained by applying Construction 3.7 to a partitionable skew Room frame of type v 5 with b = 0 using a partitionable skew Room frame of type 1 v as the input design, where v ∈ {13, 21, 25}.
For each n ∈ {73, 133}, start from a 5-GDD of type 4 v with v ∈ {6, 11} from [14] . Apply Construction 3.4 with weight 3, adjoin one infinite point and apply Construction 3.7 with b = 1 to obtain the desired design. Here, the input designs are partitionable skew Room frames of types 3 5 and 1 13 .
For each n ∈ {113, 129}, start from a partitionable skew Room frame of type 4 v with v ∈ {7, 8}. Apply Construction 3.3 with m = 4 and adjoin one infinite point, apply Construction 3.7 with b = 1 using a partitionable skew Room frame of type 1 17 as the input design to obtain the required design. Proof. For n = 17, the required design comes from Lemma 2.14. For each n ∈ {29, 33}, start from a partitionable skew Room frame of type 12 v with v ∈ {7, 8}. Adjoin three infinite points and apply Construction 3.7 with b = 1 using a partitionable skew Room frame of type 3 5 as the input design to obtain the desired design.
For each n ≡ 1 (mod 4), n 5 and n / ∈ {17, 29, 33}, the required design can be obtained by applying Corollary 3.9 with the (n, {5, 9, 13})-PBD stated in Lemma 3.10 since we have partitionable skew Room frames of type 3 v for v ∈ {5, 9, 13} by Lemmas 1.5 and 2.13. Proof. For n = 29, start from a partitionable skew Room frame of type 8 7 and adjoin two infinite points, then apply Construction 3.7 with b = 1 using a partitionable skew Room frame of type 2 5 as the input design.
For each n ∈ {31, 43}, start from a partitionable skew Room frame of type 12 v with v ∈ {5, 7}. Apply Construction 3.3 with m = 4, adjoin two infinite points, and apply Construction 3.7 with b = 1 using a partitionable skew Room frame of type 2 7 as the input design.
Lemma 7.4.
There exists a partitionable skew Room frame of type 2 n for each n ≡ 1 (mod 2) and n 5 except possibly when n ∈ {23, 27, 33, 39}.
Proof. Combining Lemmas 2.8-2.12 and 7.1-7.3, the conclusion then follows. Lemma 7.5. There exists a partitionable skew Room frame of type 6 n for each n 5 and n ≡ 1 (mod 2) except possibly when n ∈ E 57 ∪ P 57 .
Proof. For each n 5 and n ≡ 1 (mod 2) and n / ∈ E 57 ∪ P 57 , the required design can be obtained by applying Corollary 3.9 with the (n, {5, 7})-PBD stated in Lemma 3.11 since we have partitionable skew Room frames of type 6 v for v ∈ {5, 7} by Lemmas 2.7 and 2.19. Lemma 7.6. There exists a partitionable skew Room frame of type 6 n for each n ≡ 1 (mod 4) and n / ∈ {9, 17}.
Proof. By Lemma 7.5, we need only to consider n ∈ (E 57 ∪ P 57 )\{9, 17}. Start from a partitionable skew Room frame of type 24 (n−1)/4 by Lemma 5.6. Adjoin 6 infinite points and apply Construction 3.7 with b = 1 to obtain the required design. Here, the input design is the partitionable skew Room frame of type 6 5 . Proof. For each n ∈ {43, 79}, start from a partitionable skew Room frame of type 36 v with v ∈ {7, 13}. Adjoin 6 infinite points and apply Construction 3.7 with b = 1 using a partitionable skew Room frame of type 6 7 as the input design.
For each n ∈ {55, 75, 95}, start from a partitionable skew Room frame of type 2 v with v ∈ {11, 15, 19}. Apply Construction 3.3 with m = 15, adjoin 6 infinite points and apply Construction 3.7 with b = 1 using a partitionable skew Room frame of type 6 5 as the input design.
For n ∈ {51, 111, 191, 211}, start from partitionable skew Room frames of type 60 v with v ∈ {5, 11, 19, 21}. Adjoin 6 infinite points and apply Construction 3.7 with b = 1 using a partitionable skew Room frame of type 6 11 as the input design.
For n = 71, start from a partitionable skew Room frame of type 84 5 . Adjoin 6 points and apply Construction 3.7 with b = 1 using a partitionable skew Room frame of type 6 15 as the input design.
For n = 99, start from a partitionable skew Room frame of type 2 9 . Apply Construction 3.3 with m = 33 and then Construction 3.7 with b = 0 using a partitionable skew Room frame of type 6 11 as the input design.
For n = 115, start from a partitionable skew Room frame of type 6 23 . Apply Construction 3.3 with m = 5 and then Construction 3.7 with b = 0 using a partitionable skew Room frame of type 6 5 as the input design.
For n = 119, start from a partitionable skew Room frame of type 2 17 . Apply Construction 3.3 with m = 21 and then Construction 3.7 with b = 0 using a partitionable skew Room frame of type 6 7 as the input design. Proof. For each n ∈ {39, 47, 59}, take a TD (10, 9) . Truncate i groups to size 6 and j groups to size 0, where i + j 5. Apply Construction 3.4 with weight 4 using a partitionable skew Room frame of type 4 v with v ∈ {5, 6, 7, 8, 9, 10} as the input design. Then we have a partitionable skew Room frame of type 36 10−i−j 24 i . Adjoin 6 infinite points, apply Construction 3.7 with b = 1 using partitionable skew Room frames of types 6 5 and 6 7 as input designs to obtain a partitionable skew Room frame of type 6 6(10−i−j)+4i+1 . The corresponding parameters i and j for each n, (i, j ; n), are (2, 3; 39), (4, 1; 47) and (1, 0; 59), respectively.
For each n ∈ {83, 87, 107}, take a TD(7,t) by Lemma 3.1, and truncate one group to size 3a, where 3a t. Choose one of the removed point to redefine the groups to obtain a {6, 7, t}-GDD of type 6 t (3a)
1 . Apply Construction 3.4 with weight 4 using partitionable skew Room frames of types 4 6 , 4 7 and 4 t as input designs to obtain a partitionable skew Room frame of type (24) t (12a) 1 . Adjoin 6 infinite points, apply Construction 3.7 with b = 1 using partitionable skew Room frames of types 6 5 and 6 2a+1 as input designs to obtain a partitionable skew Room frame of type 6 4t+2a+1 . The corresponding parameters t and a for each n, (t, a; n), are (19, 3; 83) , (19, 5; 87) and (23, 7; 107), respectively. Lemma 7.11. There exists a partitionable skew Room frame of type 6 n for each n 5 except possibly when n ∈ {9, 17, 27}.
Proof. Combining Lemmas 2.7, 2.18-2.20 and 7.5-7.10, the conclusion then follows.
Lemma 7.12. There exists a partitionable skew Room frame of type h 33 for each h 6 and h ≡ 2 (mod 4).
Proof. For h = 6, the required design comes from Lemma 7.11. For h = 10, start from a partitionable skew Room frame of type 40 8 , adjoin 10 infinite points and apply Construction 3.7 with b = 1 using a partitionable skew Room frame of type 10 5 as the input design.
For the other values of h, apply Construction 3.3 to a partitionable skew Room frame of type 1 33 to obtain the desired designs.
Lemma 7.13. For each n ∈ {23, 39} and h ≡ 6 (mod 12), there exists a partitionable skew Room frame of type h n except possibly when (h, n) = (18, 23).
Proof. For each n ∈ {23, 39}, h ≡ 6 (mod 12) and h = 18, apply Construction 3.3 to a design of type 6 n to obtain the required designs.
For h = 18 and n = 39, take a TD(10, 9) and truncate two groups to size 6 and three groups to size 0 to obtain a {5, 6, 7}-GDD of type 9 5 6 2 . Apply Construction 3.4 with weight 12 using partitionable skew Room frames of type 12 v with v ∈ {5, 6, 7} as input designs, which come from Lemma 5.5. Then we have a partitionable skew Room frame of type 108 5 72 2 . Adjoin 18 infinite points, apply Construction 3.7 with b = 1 using partitionable skew Room frames of types 18 5 and 18 7 as input designs to obtain the desired design.
Combining Lemmas 7.4 and 7.11-7.13 and applying Construction 3.3, we have the following theorem. Now, we are in a position to improve the known results on uniform 4-frames in [14] . Proof. Take a partitionable skew Room frame of type 3 17 in Lemma 2.14 and apply Lemma 8.2 to obtain a 4-frame of type 18 17 . The conclusion then follows by Ge and Ling [14, Theorem 4.4] .
In this paper, we investigated the existence of partitionable skew Room frames of type h n . The necessary conditions for the existence of such a design, namely, h(n − 1) ≡ 0 (mod 4) and h 5, were shown to be sufficient with a few possible exceptions. However, the existence problem for skew Room frames of type h n (see Theorem 4.7) is still open.
